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Abstract 

i^h ' We investigate the dynamics of semigroups generated by polynomial maps on the Riemann 

sphere such that the postcritical set in the complex plane is bounded. Moreover, we investigate 
the associated random dynamics of polynomials. Furthermore, we investigate the fiberwise 
dynamics of skew products related to polynomial semigroups with bounded planar postcritical 
set. Using uniform fiberwise quasiconformal surgery on a fiber bundle, we show that if the 
Julia set of such a semigroup is disconnected, then there exist families of uncountably many 
mutually disjoint quasicircles with uniform dilatation which are parameterized by the Cantor 
set, densely inside the Julia set of the semigroup. Moreover, we give a sufficient condition for a 
fiberwise Julia set J 7 to satisfy that J 7 is a Jordan curve but not a quasicircle, the unbounded 
component of C \ J~, is a John domain and the bounded component of C \ J-, is not a John 
domain. We show that under certain conditions, a random Julia set is almost surely a Jordan 
curve, but not a quasicircle. Many new phenomena of polynomial semigroups and random 
dynamics of polynomials that do not occur in the usual dynamics of polynomials are found 
and systematically investigated. 

1 Introduction 



x 

The theory of complex dynamical systems, which has its origin in the important work of Fatou and 
Julia in the 1910s, has been investigated by many people and discussed in depth. In particular, 
since D. Sullivan showed the famous "no wandering domain theorem" using Teichmullcr theory in 
the 1980s, this subject has attracted many researchers from a wide area. For a general reference 
on complex dynamical systems, see Milnor's textbook |13j . 

There are several areas in which we deal with generalized notions of classical iteration theory 
of rational functions. One of them is the theory of dynamics of rational semigroups (semigroups 
generated by holomorphic maps on the Riemann sphere C), and another one is the theory of 
random dynamics of holomorphic maps on the Riemann sphere. 

In this paper, we will discuss these subjects. A rational semigroup is a semigroup generated 
by a family of non-constant rational maps on C, where C denotes the Riemann sphere, with 
the semigroup operation being functional composition (10). A polynomial semigroup is a 
semigroup generated by a family of non-constant polynomial maps. Research on the dynamics of 
rational semigroups was initiated by A. Hinkkanen and G. J. Martin ([10]). who were interested in 
the role of the dynamics of polynomial semigroups while studying various one-complex-dimensional 
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moduli spaces for discrete groups, and by F. Ren's group([9]), who studied such semigroups from 
the perspective of random dynamical systems. Moreover, the research on rational semigroups is 
related to that on "iterated function systems" in fractal geometry. In fact, the Julia set of a rational 
semigroup generated by a compact family has " backward self-similarity" (cf. [201 HI])- For other 
research on rational semigroups, see [351 HS1 HZ1 133 E3], and [T§]-[3"T]. 

The research on the dynamics of rational semigroups is also directly related to that on the 
random dynamics of holomorphic maps. The first study in this direction was by Fornaess and 
Sibony (0), and much research has followed. (See [H El HI El El E3 EH [29l [30l [31] . ) 

We remark that the complex dynamical systems can be used to describe some mathematical 
models. For example, the behavior of the population of a certain species can be described as the 
dynamical system of a polynomial f(z) = az(l — z) such that / preserves the unit interval and 
the postcritical set in the plane is bounded (cf. [6]). From this point of view, it is very important 
to consider the random dynamics of such polynomials (see also Example II. 4|) . For the random 
dynamics of polynomials on the unit interval, see |18] . 

We shall give some definitions for the dynamics of rational semigroups: 

Definition 1.1 ([ElE]). Let G be a rational semigroup. We set 

F(G) = {z e C | G is normal in a neighborhood of z}, J{G) = C \ F(G). 

F(G) is called the Fatou set of G and J(G) is called the Julia set of G. We let (hi, hi, . . .) denote 
the rational semigroup generated by the family {hi}. The Julia set of the semigroup generated by 
a single map g is denoted by J (g). 

Definition 1.2. For each rational map g : C -> C, we set CV(g) :— {all critical values of g : C — » 
C}. Moreover, for each polynomial map g : C — > C, we set CV*(g) := CV(g) \ {oo}. For a rational 
semigroup G, we set 



P{G) := |J CV{g) (C C). 
g£G 

This is called the postcritical set of G. Furthermore, for a polynomial semigroup G, we set 
P*(G) :— P(G) \ {oo}. This is called the planar postcritical set (or finite postcritical set) of 
G. We say that a polynomial semigroup G is postcritically bounded if P*(G) is bounded in C. 

Remark 1.3. Let G be a rational semigroup generated by a family A of rational maps. Then, we 
have that P(G) = ^-> g eGu{id} g(^h£ACV(h)), where Id denotes the identity map on C, and that 
g(P(G)) C P{G) for each g £ G. From this formula, one can figure out how the set P(G) (resp. 
P*(G)) spreads in C (resp. C). In fact, in Section f3~4l using the above formula, we present a 
way to construct examples of postcritically bounded polynomial semigroups (with some additional 
properties). Moreover, from the above formula, one may, in the finitely generated case, use a 
computer to see if a polynomial semigroup G is postcritically bounded much in the same way as 
one verifies the boundedness of the critical orbit for the maps f c (z) = z 2 + c. 

Example 1.4. Let A := {h(z) = cz a (l~z) b \ a,be N, c> 0, c(^) Q (^) 6 < 1} and let G be the 
polynomial semigroup generated by A. Since for each h e A, h([0, 1]) C [0, 1] and CV*(h) C [0, 1], 
it follows that each subsemigroup H of G is postcritically bounded. 

Remark 1.5. It is well-known that for a polynomial g with deg(g) > 2, P*((g)) is bounded in C 
if and only if J (g) is connected ([131 Theorem 9.5]). 

As mentioned in Remark ll.5l the planar postcritical set is one piece of important information re- 
garding the dynamics of polynomials. Concerning the theory of iteration of quadratic polynomials, 
we have been investigating the famous "Mandelbrot set" . 

When investigating the dynamics of polynomial semigroups, it is natural for us to discuss the 
relationship between the planar postcritical set and the figure of the Julia set. The first question 



in this regard is: "Let G be a polynomial semigroup such that each element g £ G is of degree 
at least two. Is J{G) necessarily connected when P*(G) is bounded in C?" The answer is NO. 
In fact, in J35[ E3 EE1 [13 ESI [30], we find many examples of postcritically bounded polynomial 
semigroups G with disconnected Julia set such that for each g £ G, deg(g) > 2. Thus, it is natural 
to ask the following problems. 

Problem 1.6. (1) Investigate what happens if P*(G) is bounded in C and J(G) is disconnected. 
(2) Classify postcritically bounded polynomial semigroups. 

Applying the results in |27[ 128) . we investigate the dynamics of every sequence, or fiberwise 
dynamics of the skew product associated with the generator system (cf. Section l3"7Tj) . Moreover, 
we investigate the random dynamics of polynomials acting on the Riemann sphere. Let us consider 
a polynomial semigroup G generated by a compact family L of polynomials. For each sequence 
7 = (7i>72,73, ■ • •) £ r N , we examine the dynamics along the sequence 7, that is, the dynamics 
of the family of maps {7^ o • • • o 71}^°^. We note that this corresponds to the fiberwise dynamics 
of the skew product (see Section 13.11) associated with the generator system T. We show that if 
G is postcritically bounded, J(G) is disconnected, and G is generated by a compact family T of 
polynomials; then, for almost every sequence 7 £ T N , there exists exactly one bounded component 
t/ 7 of the Fatou set of 7, the Julia set of 7 has Lebesgue measure zero, there exists no non-constant 
limit function in \J 1 for the sequence 7, and for any point z £ E/ 7 , the orbit along 7 tends to 
the interior of the smallest filled-in Julia set K(G) (see Definition I2.T|) of G (cf. Theorem I3.10[ 
Corollary I3.20[) . Moreover, using the uniform fiberwise quasiconformal surgery ([28), we find sub- 
skew products / such that / is hyperbolic (see Definition 13. 9[) and such that every fiberwise Julia 
set of / is a -ftT-quasicircle, where if is a constant not depending on the fibers (cf. Theorem 13.101 
[3]). Reusing the uniform fiberwise quasiconformal surgery, we show that if G is a postcritically 
bounded polynomial semigroup with disconnected Julia set, then for any non-empty open subset 
V of J{G), there exists a 2-generator subsemigroup H of G such that J(H) is the disjoint union 
of "Cantor family of quasicircles" (a family of quasicircles parameterized by a Cantor set) with 
uniform distortion, and such that J(H) 07/1 (cf. Theorem I3.13[) . Note that the uniform 
fiberwise quasiconformal surgery is based on solving uncountably many Beltrami equations (a kind 
of partial differential equations) . 

We also investigate (semi-)hyperbolic (see Definition 13. 11 j) . postcritically bounded, polynomial 
semigroups generated by a compact family T of polynomials. Let G be such a semigroup with 
disconnected Julia set, and suppose that there exists an element g £ G such that J(g) is not a 
Jordan curve. Then, we give a (concrete) sufficient condition for a sequence 7 £ F N to satisfy 
that the following situation (*): the Julia set of 7 is a Jordan curve but not a quasicircle, the 
basin of infinity A 1 is a John domain, and the bounded component E/ 7 of the Fatou set is not 
a John domain (cf. Theorem I3.17[ Corollary 13. 2 1[) . From this result, we show that for almost 
every sequence 7 £ T N , situation (*) holds. In fact, in this paper, under the above assumption, 
we find a set A of 7 with (*) which is much larger than a set U of 7 with (*) given in 28J. 
Moreover, we classify hyperbolic two-generator postcritically bounded polynomial semigroups G 
with disconnected Julia set and we also completely classify the fiberwise Julia sets J 7 in terms of 
the information of 7 (Theorem 13. 18|) . Note that situation (*) cannot hold in the usual iteration 
dynamics of a single polynomial map g with deg(g) > 2 (Remark 13. 22| . 

The key to investigating the dynamics of postcritically bounded polynomial semigroups is the 
density of repelling fixed points in the Julia set f |101 [5]), which can be shown by an application 
of the Ahlfors five island theorem, and the lower semi-continuity of 7 H> J 7 ( 1 lj ) , which is a 
consequence of potential theory. Moreover, one of the keys to investigating the fiberwise dynamics 
of skew products is, the observation of non-constant limit functions (cf. Lemma I5T41 and [2Tj). The 
key to investigating the dynamics of semi-hyperbolic polynomial semigroups is, the continuity of 
the map 7 1— > J 7 (this is highly nontrivial; see ET]) and the Johnness of the basin A 1 of infinity (cf. 
[23]). Note that the continuity of the map 74 X, does not hold in general, if we do not assume 
semi-hyperbolicity. Moreover, one of the original aspects of this paper is the idea of "combining 



both the theory of rational semigroups and that of random complex dynamics" . It is quite natural 
to investigate both fields simultaneously. However, no study (except the works of the author of 
this paper) thus far has done so. 

Furthermore, in Section l3.4l and [571HH], we provide a way of constructing examples of postcrit- 
ically bounded polynomial semigroups with some additional properties (disconnectedness of Julia 
set, semi-hyperbolicity, hyperbolicity, etc.) (cf. Proposition l3.23[ [2T|l28]). For example, by Propo- 
sition [3231 there exists a 2-generator postcritically bounded polynomial semigroup G = (/ii,/i2) 
with disconnected Julia set such that h\ has a Siegel disk. 

As we see in Example ll.4l Section [33] and [23 EH], it is not difficult to construct many examples, 
it is not difficult to verify the hypothesis "postcritically bounded" , and the class of postcritically 
bounded polynomial semigroups is very wide. 

Throughout the paper, we will see many new phenomena in polynomial semigroups or random 
dynamics of polynomials that do not occur in the usual dynamics of polynomials. Moreover, these 
new phenomena are systematically investigated. 

In Section [31 we present the main results of this paper. We give some tools in Section @] The 
proofs of the main results are given in Section [5j 

There are many applications of the results of postcritically bounded polynomial semigroups in 
many directions. In the sequel [29, 251(32], we investigate the Markov process on C associated with 
the random dynamics of polynomials and we consider the probability T QO (z) of tending to oo 6 C 
starting with the initial value z £ C. Applying many results of [27], it will be shown in [32] that if 
the associated polynomial semigroup G is postcritically bounded and the Julia set is disconnected, 
then the chaos of the averaged system disappears due to the cooperation of generators (cooperation 
principle), and the function T^ defined on C has many interesting properties which are similar to 
those of the Cantor function. Such a kind of "singular functions on the complex plane" appear 
very naturally in random dynamics of polynomials and the results of this paper (for example, the 
results on the space of all connected components of a Julia set) are the keys to investigating that. 
(The above results have been announced in [29j EH f24| [30].) 

In [27], we find many fundamental and useful results on the connected components of Julia 
sets of postcritically bounded polynomial semigroups. In [28], we classify (semi-)hyperbolic, post- 
critically bounded, compactly generated polynomial semigroups. In the sequel [T7], we give some 
further results on postcritically bounded polynomial semigroups, by using many results in [271I28] . 
and this paper. Moreover, in the sequel |26| . we define a new kind of cohomology theory, in order 
to investigate the action of finitely generated semigroups (iterated function systems), and we apply 
it to the study of the dynamics of postcritically bounded polynomial semigroups. 

2 Preliminaries 

In this section we give some basic notations and definitions, and we present some results in [27 [ I28 | . 
which we need to state the main results of this paper. 

Definition 2.1. We set Rat : = {h : C — > C | h is a non-constant rational map} endowed with 
the topology induced by uniform convergence on C with respect to the spherical distance. We set 
Poly := {h : C —¥ C \ h is a, non-constant polynomial} endowed with the relative topology from 
Rat. Moreover, we set Polydog>2 := {.9 G Poly | deg(g) > 2} endowed with the relative topology 
from Rat. 

Remark 2.2. Let d > 1, {p n }neN a sequence of polynomials of degree d, and p a polynomial. 
Then, p n — > p in Poly if and only if the coefficients converge appropriately and p is of degree d. 

Definition 2.3. Let Q be the set of all postcritically bounded polynomial semigroups G such that 
each element of G is of degree at least two. Furthermore, we set Q con = {G € Q \ J{G) is connected} 
and Qdis — {G E G \ J(G) is disconnected}. 



Definition 2.4. For a polynomial semigroup G, we denote by J = Jg the set of all connected 
components J of J(G) such that JcC. Moreover, we denote by J — Jq the set of all connected 
components of J(G). 

Remark 2.5. If a polynomial semigroup G is generated by a compact set in Polydcg>2, then 
oo G F(G) and thus J = J. 

Definition 2.6 ([27j). For any connected sets K\ and K 2 in C, LL K\ < K 2 " indicates that 
K\ = K 2 , or K\ is included in a bounded component of C\K 2 . Furthermore, "K\ < K 2 " indicates 
K\ < K 2 and K\ ^ K 2 . Note that "<" is a partial order in the space of all non-empty compact 
connected sets in C. This "<" is called the surrounding order. 

Definition 2.7 ([27]). For a polynomial semigroup G, we set 

K{G) := {z G C I (J {g(z)} is bounded in C} 
gee 

and call K(G) the smallest filled-in Julia set of G. For a polynomial g, we set K (g) :— K((g)). 
For a set A c C, we denote by int(A) the set of all interior points of A. For a polynomial semigroup 
G with 00 € F(G), we denote by F 00 (G) the connected component of F(G) containing 00. Moreover, 
for a polynomial g with deg(g) > 2, we set F OQ (g) := F^^g)). 

The following three results in [27] are needed to state main results in this paper. 

Theorem 2.8 ([27j). Let G € Q (possibly generated by a non-compact family). Then we have all 
of the following. 

1. We have [J ', <) is totally ordered. 

2. Each connected component of F(G) is either simply or doubly connected. 

3. For any g e G and any connected component J of J(G), we have that g~ l (J) is connected. 
Letg*(J) be the connected component of J(G) containing g^ 1 (J). If J G J, theng*(J) G J. 
If J\,Ji € J and J x < J 2 , then g^iJi) < g^ih) and g*{J\) < g*{J2)- 

Theorem 2.9 (27J). Let G G Qdis (possibly generated by a non- compact family). Then we have 
all of the following. 

1. We have 00 G F(G). Thus J = J. 

2. The component FooiG) of F(G) containing 00 is simply connected. Furthermore, the element 
>/max = ^max(G) G J containing dF QO (G) is the unique element of J satisfying that J < J max 
for each J G J . 

3. There exists a unique element J m ; n = J m i n (G) G J such that J min < J for each element 

J ej. 

4. We have that int(K(G)) ^ 0. 

For the figures of the Julia sets of semigroups G G Gdis , see figure [TJ 

Proposition 2.10 ([27]). Let G be a polynomial semigroup generated by a compact subset T of 
Polydcg>2- Suppose that G G Gdis- Then, there exists an element hi G T with J (hi) C J max and 
there exists an element h 2 G T with J{h 2 ) C J m in- 

3 Main results 

In this section, we present the main results of this paper. The proofs of the results are given in 
Section \E\ 



3.1 Fiberwise dynamics and Julia sets 

We present some results on the fiberwise dynamics of the skew product related to a postcritically 
bounded polynomial semigroup with disconnected Julia set. In particular, using the uniform 
fiberwise quasiconformal surgery on a fiber bundle, we show the existence of a family of quasicircles 
parameterized by a Cantor set with uniform distortion in the Julia set of such a semigroup. The 
proofs are given in Section IQI 



Definition 3.1 ( [2T J 123 ] ) ■ 

1. Let X be a compact metric space, j:I-}Ia continuous map, and /:IxC->IxCa 
continuous map. We say that / is a rational skew product (or fibered rational map on trivial 
bundle IxC) over g : X — > X, ii it o f = g oir where ir : X x C — > X denotes the canonical 
projection, and if for each i£l, the restriction f x :— f^- 1 ^}) '■ 7r_1 ({ a; }) — ► 1T ~ 1 ({9( X )}) 
of / is a non-constant rational map, under the canonical identification / ^~ 1 ({x'}) = C for 
each x' € X. Let d(x) = deg(/ x ), for each x G X. Let / X; „ be the rational map defined by: 
fx,n{y) = K£.(f n (x,y)), for each n G N, x G X and y G C, where ir^ : X x C — x C is the 
projection map. 

Moreover, if f Xt \ is a polynomial for each x G X, then we say that /:IxC-)XxCisa 
polynomial skew product over g : X — > X. 

2. Let L be a compact subset of Rat. We set L N := {7 = (71, 72, • • •) I Yj'j li *= ^} endowed with 
the product topology. This is a compact metric space. Let a : T N — \ T N be the shift map, 
which is defined by (7(71,72, . . .) := (72,73, ■ ■ •)■ Moreover, we define a map / : L N x C — x 
r N xC by: (7, y) i-x (o"(7), 71 («/)), where 7 = (71, 72, • ■ •)■ This is called the skew product 
associated with the family T of rational maps. Note that / 7 , n (j/) = In ° • • • ° li{y)- 

Remark 3.2. Let /:IxC^IxCbea rational skew product over g : X — x X. Then, the 
function x h-> d{x) is continuous in X. 

Definition 3.3 ( [2lj 123]). Let /:IxC4lxCbca rational skew product over g : X — x X. 
Then, for each x G X and n G N, we set /" := / n |,-i ({l}) : ^{{x}) -> 7r _1 ({5i n (x)}) G X x C. 
For each x G X, we denote by F x (f) the set of points y G C which has a neighborhood U in C such 
that {/ Xl „ : U —x C}„ e N is normal. Moreover, we set F x (f) := {x} x F x (/) (c X x C). We set 
J x (f) :=C\F x (f). Moreover, we set J x (f) := {x} x J x (f) (c I xC). These sets J x (/) and J x (f) 
are called the fiberwise Julia sets. Moreover, we set J(/) := Ua;ex J x (f)> w here the closure is 
taken in the product space X x C. For each x G X, we set J x (f) := 7r _1 ({a;}) n J(/)- Moreover, 
we set J x (/) := 7r e (>(/)). We set F(/) := (X x C) \ J(/). 

Remark 3.4. We have J x (f) D J x (f) and J x (/) D Jx(f)- However, strict containment can occur. 
For example, let h\ be a polynomial having a Siegel disk with center z\ G C. Let hi be a polynomial 
such that z\ is a repelling fixed point of hi- Let T = {hi, hi}- Let /TxC^TxCbe the skew 
product associated with the family T. Let x = (hi, hi, hi, . . .) G T N . Then, (x, Zi) G J x (f) \ J x {f) 
and z\ G J x (f) \ J x {f)- 

Definition 3.5. Let f : X x C — > I x C be a polynomial skew product over g : X — » X. 
Then for each 1 6 I, we set K x (f) := {y G C | {/ x ,n(y)}nGN is bounded in C}, and A x (f) := 
{y G C I f x ,n(y) — > 00, n — x 00}. Moreover, we set K x (f) :— {x} x K x (f) (g X x C) and 
A*(/) := {»}' x A x (/) (G X x C). 

Definition 3.6. Let G be a polynomial semigroup generated by a subset T of Polyd cg >2- Suppose 
G G ^7di S . Then we set r m i n := {h G T | J(ft) G J m in}, where J m i n denotes the unique minimal 
element in (J, <) in Theorem l2.9l l3l Furthermore, if r m ; n 7^ 0, let G m i n! r be the subsemigroup of 
G that is generated by r m ; n . 



Remark 3.7. Let G be a polynomial semigroup generated by a compact subset T of Polyd eg >2- 
Suppose G G Gdis- Then, by Proposition ^. 10[ we have r m ; n ^ and T \ T min ^ 0. Moreover, r min 
is a compact subset of T. For, if {h n } ne ^ C r m j n and h n -> h^ in T, then for a repelling periodic 
point zo G J(hoo) of ftoo, we have that <i(zo, J(h n )) -> as n -> oo, which implies that zo G J m i n 
and thus ft-oo G r in i„. 

Notation: Let J 7 := {ip n }neN be a sequence of meromorphic functions in a domain V. We say 
that a meromorphic function -0 is a limit function of J- if there exists a strictly increasing sequence 
{rijjjgN of positive integers such that tp n . — > ip locally uniformly on V , as j — » oo. 

Definition 3.8. Let T and 5 be non-empty subsets of Polydog>2 with ScT. We set 

R(T, S) := { 7 = (7i, 72, • • ■) G T N I tf({n G N | 7 « G 5}) = oo} . 
Definition 3.9. Let /:IxC->IxCbea rational skew product over g : X — > X. We set 
C(/) := {(x,y) G X x C | y is a critical point of / Xi i}. 



Moreover, we set P(f) := U ne N/ n (C'(/)), where the closure is taken in the product space IxC. 
This P(/) is called the fiber-postcritical set of /. 

We say that / is hyperbolic (along fibers) if P(f) C F(f). 

We present a result which describes the details of the fiberwise dynamics along 7 in i?(r,T \ 

^ min ) • 

Theorem 3.10. Let G be a polynomial semigroup generated by a compact subset T o/Polyd eg >2- 
Suppose G G Gdis- Let f : T N x C — > F N x C be the skew product associated with the family T of 
polynomials. Then, all of the following statements \l\S\ and^hold. 

1. Let 7 G R(T, r \ r m i n ). Then, each limit function o/{/ 7in }„ 6 N in each connected component 
of F~f(f) is constant. 

2. Let S be a non-empty compact subset of Y \ r m ; n . Then, for each 7 G R(T, S), we have the 
following. 

(a) There exists exactly one bounded component U 1 ofF 7 (f). Furthermore, dll 7 = dA 1 (f) — 

■Mf)- 

(b) For each y G U l7 there exists a number n G N such that / 7 , n (y) G int(K (G)) . 

(c) J-y(f) — Jf(f)- Moreover, the map ui 1— )■ J w (/) defined on T N is continuous at 7, with 
respect to the Hausdorff metric in the space of non-empty compact subsets of C. 

(d) The 2-dimensional Lebesgue measure of J~ l {f) = J 7 (/) is equal to zero. 

3. Let S be a non-empty compact subset of F \ r m j n . For each p G N, we denote by Ws, p the 
set of elements 7 = (71, 72, . . .) G T N such that for each I G N, at least one of 7z+i, . . . , 72+p 
belongs to S. Let f := f\ w x( g : Ws,p xC-> Ws. P X C. Then, f is a hyperbolic skew product 
over the shift map a : Ws, p — > Ws, P , and there exists a constant Ks lP > 1 such that for each 
7 G Ws, p , J-y{f) — Jy(f) — J-y(f) * s a Ks, p -quasicircle. Here, a Jordan curve £ in C is said 
to be a K-quasicircle, if '£ is the image of S l {c. C) under a K -quasiconformal homeomorphism 
(p : C — > C. (For the definition of a quasicircle and a quasiconformal homeomorphism, see 

m-) 



Definition 3.11. Let G be a rational semigroup. 
1. We say that G is hyperbolic if P(G) G F(G). 



2. We say that G is semi-hyperbolic if there exists a number 6 > and a number N g N such 
that for each y £ J(G) and each g £ G, we have deg(g : V — )■ -B(y, 5)) < N for each connected 
component V of g~ 1 (B(y, 5)), where B(y, 5) denotes the ball of radius S with center y with 
respect to the spherical distance, and deg(g :•—►•) denotes the degree of finite branched 
covering. (For background of semi-hyperbolicity, see [2T) and [13] ■) 



Theorem 3.12. Let G be a polynomial semigroup generated by a compact subset T o/Polyd eg >2- 
Let f : r N x C — > T N x C be the skew product associated with the family T. Suppose that G £ Qdis 
and that G is semi-hyperbolic. Let 7 £ R(T,T \ r m ; n ) be any element. Then, J 7 (/) = Jj(f) oxid 
J 7 (/) is a Jordan curve. Moreover, for each point yo S i n t(-^ 7 (/)); there exists an n £ N such 
that / 7 , n (y ) € mt(K(G)). 

We next present a result that there exist families of uncountably many mutually disjoint qua- 
sicircles with uniform distortion, densely inside the Julia set of a semigroup in Qdis ■ 

Theorem 3.13. (Existence of a Cantor family of quasicircles.) Let G £ Qdis (possibly 
generated by a non-compact family) and let V be an open subset of C with V n J(G) ^ 0. Then, 
there exist elements g\ and 32 in G such that all of the following hold. 

1. H = (.91,32) satisfies that J(H) C J(G). 

2. There exists a non-empty open set U in C such that g^ (U) U g^ (U) C U, and such that 

g^{U)r\g^{U) = %. 

3. H — (31,32) i s o- hyperbolic polynomial semigroup. 

4- Let f : r N x C — > T N x C be the skew product associated with the family V — {31,32} of 
polynomials. Then, we have the following. 

(a) J(H) = U 7 er N J-y(f) (disjoint union). 

(b) For each connected component J of J{H), there exists an element 7 £ T N such that 

J = Mf)- 

(c) There exists a constant K > 1 independent of J such that each connected component J 
of J(H) is a K-quasicircle. 

(d) The map 7 t-> J 7 (f), defined for all 7 £ T N , is continuous with respect to the Hausdorff 
metric in the space of non-empty compact subsets of C, and injective. 

(e) For each element 7 £ T N , J 7 (/) n V ^ 0. 

(f) Let uj £ r N be an element such that (j({j £ N | uij — 31}) = 00 and such that (j({j £ N | 
ujj = 32}) = 00. Then, J u {f) does not meet the boundary of any connected component 
ofF(G). 

Remark 3.14. This "Cantor family of quasicircles" in the research of rational semigroups was 
introduced by the author of this paper. By using this idea, in |17j (which was written after this 
paper), it is shown that for a polynomial semigroup G £ Qdis which is generated by a (possibly 
non-compact) family of Polyd C g>2, if A and B arc two different doubly connected components of 
F(G), then there exists a Cantor family C of quasicircles in J{G) such that each element of C 
separates A and B. 

3.2 Fiberwise Julia sets that are Jordan curves but not quasicircles 

We present a result on a sufficient condition for a fiberwise Julia set J x (f) to satisfy that J x (f) is a 
Jordan curve but not a quasicircle, the unbounded component of C \ J x (f) is a John domain, and 
the bounded component of C\J X (/) is not a John domain. Note that we have many examples of this 



phenomenon (see Proposition ^. 23[ Remark[ 3.24[ Examplc l3.25l) . and note also that this phenomenon 
cannot hold in the usual iteration dynamics of a single polynomial map g with deg(g) > 2 (see 
Remark l3.22|) . The proofs are given in Section HT2l 



Definition 3.15. Let V be a subdomain of C such that dV C C. We say that V is a John domain 
if there exists a constant c > and a point zq £ V (z$ = co when oo £ V) satisfying the following: 
for all z\ £ V there exists an arc £ C V connecting z\ to zq such that for any z £ £, we have 
min{|z — o| | a G <9V} > c|z — z\\. 

Remark 3.16. Let V be a simply connected domain in C such that dV C C It is well-known 
that if V is a John domain, then dV is locally connected ([HI page 26]). Moreover, a Jordan curve 
£ C C is a quasicircle if and only if both components of C \ £ are John domains ([HJ Theorem 
9.3]). 

Theorem 3.17. Let G be a polynomial semigroup generated by a compact subset T o/Polyd eg >2- 
Suppose that G £ Gdis- Let f : L N x C — > L N x C be the skew product associated with the family V 
of polynomials. Let m £ N and suppose that there exists an element (hi, ft,2, ■ ■ ■ , h m ) £ T m such 
that J(h m o ■ ■ ■ o h\) is not a quasicircle. Let a — (ai, a2, • • •) £ L N be the element such that for 
each k, I £ N U {0} with 1 < I < m, ctkm+i = hi. Then, the following statements^ and\^ hold. 

1. Suppose that G is hyperbolic. Let 7 £ R(T, T \ r m j n ) be an element such that there exists a 
sequence {rik}keN of positive integers satisfying that a nk (j) -4 a as k — > 00. Then, J 1 (f) is 
a Jordan curve but not a quasicircle. Moreover, the unbounded component Ay(f) of F^(f) is 
a John domain, but the unique bounded component U 7 of F 1 (f) is not a John domain. 

2. Suppose that G is semi-hyperbolic. Let po £ r\r m j n be any element and let /3 := (po, 011, Q-2, ■ • ■) £ 
r N . Let 7 £ i?(L,r \ r m j n ) be an element such that there exists a sequence {nk}k£N of posi- 
tive integers satisfying that a nk (7) — > j3 as k — » 00. Then, J-y(f) is a Jordan curve but not a 
quasicircle. Moreover, the unbounded component A~ t (f) of F~ t (f) is a John domain, but the 
unique bounded component U 1 of F~ t (f) is not a John domain. 

We now classify hyperbolic two-generator polynomial semigroups in Qdis- Moreover, we com- 
pletely classify the fiberwise Julia sets J-y(f) in terms of the information on 7. 

Theorem 3.18. Let T = {ft.1,/12} C Poly doo . >2 . Let G = (/ii,/l2)- Suppose that G £ Qdis and G 
is hyperbolic. Let f : T X C — > T X C be the skew product associated with P. Then, for each 
connected component J of J(G), there exists a unique 7 £ T N such that J = Jj(f)- Moreover, 
exactly one of the following statements 1, 2 holds. 

1. There exists a constant K > 1 such that for each 7 £ T N , J 7 (/) is a K -quasicircle. 

2. There exists a j £ {1,2} such that J{hj) is not a Jordan curve. In this case, for each 
7 = (7i)72j ■ ■ ■) £ r , exactly one of the following statements (a),(b), (c) holds. 

(a) There exists a p £ N such that for each I £ N, at least one 0/72+1, . . . , 7/+ P is not equal 
to hj. Moreover, J-y(f) is a quasicircle. 

(b) U{n £ N I 7„ ^ hj} = co and there exists a strictly increasing sequence {nk}keN in N 
such that a ,lk (j) — > (hj,hj,hj, . . .) as k -> co. Moreover, J 7 (/) is a Jordan curve but 
not a quasicircle, the unbounded component Ay(f) of C \ J 7 (/) is a John domain, and 
the bounded component of C \ J 7 (/) is not a John domain. 

(c) There exists an I £ N such that 0^(7) = (hj, hj, hj, . . .). Moreover, J 7 (/) is not a Jordan 
curve. 



3.3 Random dynamics of polynomials 

In this section, we present some results on the random dynamics of polynomials. The proofs are 
given in Section [5.31 

Let t be a Borel probability measure on Polydeg>2- We consider the i.i.d. random dynamics on 
C such that at every step we choose a polynomial map h : C — > C according to the distribution r. 
(Hence, this is a kind of Markov process on C. ) 

Notation: For a Borel probability measure r on Polydcg>2, we denote by T r the support of r on 
Polyde g >2- (Hence, T T is a closed set in Poryd og >2-) Moreover, we denote by f the infinite product 
measure (gi^^r. This is a Borel probability measure on T^. 

Definition 3.19. Let X be a complete metric space. A subset A of X is said to be residual if 
X \ A is a countable union of nowhere dense subsets of X. Note that by Baire Category Theorem, 
a residual set A is dense in X. 

Corollary 3.20. (Corollary of Theorem \3.10fi 2^) Let T be a non-empty compact subset o/Polydeg>2- 
Let f : r N x C — > T N x C be the skew product associated with the family T of polynomials. Let G be 
the polynomial semigroup generated by T. Suppose G G Gdis- Then, there exists a residual subset U 
o/r N such that for each Borel probability measure r on Polyd C g>2 with T T = T, we have f(U) = 1, 
and such that each 76W satisfies all of the following. 

1. There exists exactly one bounded component t/ 7 of F 1 {f). Furthermore, dU 1 = dA 1 (f) — 

Mf)- 

2. Each limit function o/{/ 7j „} n in \J 1 is constant. Moreover, for each y G C/ 7 , there exists a 
number n G N such that / 7 , n (2/) G in.t(K(G)). 

3. J-y(f) = J-y(f)- Moreover, the map u h-> J w (/) defined on T N is continuous at 7, with respect 
to the Hausdorff metric in the space of non-empty compact subsets of C 

4- The 2-dimensional Lebesgue measure of J~ l {f) = J 7 (/) is equal to zero. 

Corollary 3.21. (Corollary of Theorems \3.12[ \3.17ty Let T be a non-empty compact subset of 
Polydog>2- Let / : r N x C -> T N x C k the skew product associated with the family T of polynomials. 
Let G be the polynomial semigroup generated by T. Suppose G G Qdis o-nd G is semi-hyperbolic. 
Then, we have both of the following. 

1. There exists a residual subset U of T N such that for each Borel probability measure r on 
Polydog>2 with r r = r, we have t(U) — 1, and such that for each 7 G U and for each point 
yo G int(Ky(f)), J 7 is a Jordan curve and there exist onnEN with / 7 , n (j/o) G int{K(G)). 

2. Suppose further that there exists an element h G G such that J(h) is not a quasicircle. Then, 
there exists a residual subset V of T N such that for each Borel probability measure r on 
Polydog>2 with T T = T, we have f(V) = 1, and such that for each 7 G V, J 7 is a Jordan 
curve but not a quasicircle, the unbounded component of C \ J 7 is a John domain, and the 
bounded component of C \ J 7 is not a John domain. 

Remark 3.22. Let h G Polydcg>2 be a polynomial. Suppose that J(h) is a Jordan curve but 
not a quasicircle. Then, it is easy to see that there exists a parabolic fixed point of h in C and 
the bounded connected component of F{h) is the immediate parabolic basin. Hence, (h) is not 
semi- hyperbolic. Moreover, by [5], F^h) is not a John domain. 

Thus what we see in Theorem 13.171 and statement [5] in Corollarv l3.21[ as illustrated in Example 
13.251 is a special and new phenomenon which can hold in the random dynamics of a family of 
polynomials, but cannot hold in the usual iteration dynamics of a single polynomial. Namely, it 
can hold that for almost every 7 G T N , J 7 (/) is a Jordan curve and fails to be a quasicircle all 
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while the basin of infinity A~ f (f) is still a John domain. Whereas, if J(h), for some polynomial h, 
is a Jordan curve which fails to be a quasicircle, then the basin of infinity F^h) is necessarily not 
a John domain. 

Pilgrim and Tan Lei Ql5j) showed that there exists a hyperbolic rational map h with discon- 
nected Julia set such that "almost every" connected component of J(h) is a Jordan curve but not 
a quasicircle. 

3.4 Examples 

We give some examples of semigroups G in Gdis ■ The following proposition was proved in [27] . 

Proposition 3.23 ([27 ). Let G be a polynomial semigroup generated by a compact subset V of 
Polydog>2- Suppose that G £ Q and iat(K(G)) ^ 0. Let b G int(K (G)) . Moreover, let d G N be any 
positive integer such that d > 2, and such that (d, deg(h)) ^ (2, 2) for each h 6T. Then, there exists 
a number c > such that for each a G C with < \a\ < c, there exists a compact neighborhood 
V of g a (z) = a(z — b) d + b in Polyd cg >2 satisfying that for any non-empty subset V of V, the 
polynomial semigroup -ffr.v generated by the family T U V belongs to Gdis, K(Hr.y) = F(G) 
and (ruT^') m i n C V. Moreover, in addition to the assumption above, if G is semi-hyperbolic (resp. 
hyperbolic) , then the above H-py is semi-hyperbolic (resp. hyperbolic) . 

Remark 3.24. By Proposition ^. 23[ there exists a 2-generator polynomial semigroup G = (hi, /12) 
in Gdis such that hi has a Siegel disk. Moreover, by Proposition l3.23l we can easily construct many 
examples G that satisfies statements [TJ [5] in Theorem 13.171 and statement [2] in Corollary 13.211 

Example 3.25. Let gi(z) := z 2 — 1 and 52(2) := x - ^ et ^ := idhdi}- Moreover, let G be 
the polynomial semigroup generated by T. Let D := {z G C \z\ < 0.4}. Then, it is easy to 
see gl{D) U gl{D) G D. Hence, D C F(G). Moreover, by Remark Ol we have that P*(G) = 
U g gGu{/d}5({0, — 1}) G D G F(G). Hence, G G Q and G is hyperbolic. Furthermore, let K := 
{z G C I 0.4 < \z\ < 4}. Then, it is easy to see that (gl)- x (K) U G?!) -1 ^) C K and {g 2 )- x {K) n 
(gf) -1 ^) = 0. Combining it with [10, Corollary 3.2] and [23 Lemma 2.4], we obtain that J(G) 
is disconnected. Therefore, G G Gdis- Moreover, it is easy to see that r m ; n = {g 2 }- Since J(g 2 ) is 
not a Jordan curve, we can apply Theorem 13.171 Setting a :— (g 2 ,g 2 ,g 2 , ■ ■ ■) G T N , it follows that 
for any 

7 G 1 := {lo G i?(r, F \ r min ) I 3(n k ) with CT nfc («) -> a} , 

J 7 (/) is a Jordan curve but not a quasicircle, and -A 7 (/) is a John domain but the bounded 
component of F 1 ( y f) is not a John domain. (See figure[T] the Julia set of G. In this example, we have 
{g 2 )- l {J{G))n{g 2 )- l {J(G)) = 0, and so J G = {J 7 (/) | 7 G F N }, and if 7 ^ w,J 7 (/)nJ w (/) = 0.) 
Note that by Theorem 13.181 if 7 g" X, then either J 7 (/) is not a Jordan curve or J 7 (/) is a 
quasicircle. 

Figure 1: The Julia set of G = (flfiSi)- 




In [371 I2H1 HE! HZ1 1331 US] , w e find many examples of postcritically bounded polynomial semi- 
groups with many additional properties. In fact, several systematic ways to give such examples 
are found in those papers. 
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4 Tools 

In this section, we introduce some fundamental tools to prove the main results. 

Let G be a rational semigroup. Then, for each g G G, g(F(G)) C F(G),g^ 1 (J(G)) G J{G). 
If G is generated by a compact family A of Rat, then J(G) = UheA ^-^^(G)) (this is called 
the backward self-similarity). If jjJ(G) > 3, then J(G) is a perfect set and J(G) is equal to the 
closure of the set of repelling cycles of elements of G. We set E(G) := {z G C | ft U 9 eG 9 1 (i z }) < 
oo}. If tJJ(G) > 3, then |}£(G) < 2 and for each z G J(G) \ £(G), J(G) = {j geG g- l {{z}). If 

jJJ(G) > 3, then J{G) is the smallest set in {0 ^ K G C | if is compact, Mg G G,g(K) G if}. 
For more details on these properties of rational semigroups, see [101 13 [20]. For the dynamics of 
postcritically bounded polynomial semigroups, see [23 EH [17]. For some fundamental properties 
of skew products, see [2"Tll2"g] . 

5 Proofs 

In this section, we give the proofs of the main results. 

5.1 Proofs of results in 13.11 

In this section, we prove results in section [3TT1 

To prove results in 13.11 we need the following notations and lemmas. 

Definition 5.1 ([H]). Let /:IxC4lxCbea rational skew product over g : X — )• X. Let 
iV e N. We say that a point (xo, j/o) G X x C belongs to SH^if) if there exists a neighborhood 
U of xq in X and a positive number S such that for any x G U, any n G N, any x„ G <7 — n (#), and 
any connected component V of {fx Tl ,n)~ 1 (B(y , S)), deg(f Xn . n : V — > B(y ,S)) < N. Moreover, 
we set UH(f) :— (X X C) \ LiN&iSH]y(f). We say that / is semi-hyperbolic (along fibers) if 
UH(f) G F(f). 

Remark 5.2. Under the above notation, we have UH(f) G P(f)- 

Remark 5.3. Let T be a compact subset of Rat and let / : T N x C — >• T N x C be the skew product 
associated with T. Let G be the rational semigroup generated by I\ Then, by EEl Remark 2.12], 
/ is semi-hyperbolic if and only if G is semi-hyperbolic. Similarly, / is hyperbolic if and only if G 
is hyperbolic. 

Lemma 5.4. Let /:IxC->IxC be a polynomial skew product over g : X — >• X such that for 
each uj G X , d(u) > 2. Let x G X be a point and yo G F x (f) a point. Suppose that there exists a 
strictly increasing sequence {^j}jgn of positive integers such that the sequence {f x ,n }jeN converges 
to a non-constant map around yo, and such that limj-^oo f nj (x, yo) exists. We set (iEooJ/oo) := 
limj_ >oc f nj (x,yo). Then, there exists a non-empty bounded open set V in C and a number k G N 
such that {xoo} x dV G J(f) fl UH(f) G J(f) D P(f), and such that for each j with j > k, 

fx,n, (yo) G V. 



Proof We set 



V := {y G C | Be > 0, lim sup sup <*(/«,.>< (a .) ni (£),£) = 0}. 



Then, by ED Lemma 2.13], we have {2:^} xWc J(/) n t//f (/) G J(/) n P(/). Moreover, since 
for each x G X, / X] i is a polynomial with d(x) > 2, |28[ Lemma 3.4.4] implies that there exists a 
ball B around 00 such that B C C \ V. 

From the assumption, there exists a number a > and a non-constant map y> : D{yo, a) — >• C 
such that / Xini ->■ </? as j ->■ 00, uniformly on D(y , a)- Hence, d{f x>ni (y), fx,m(y)) -* 0asi,j : ->■ 00, 
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uniformly on -D(yo, a,). Moreover, since <p is not constant, there exists a positive number e such that 
for each large i, f x ,n t (D(y ,a)) D D(y 00 ,e). Therefore, it follows that d(/ s n i(x ) )n .. _„.(£),£) -> as 
«, j — > oo uniformly on D{y oa ,e). Thus, j/oo £ V. Hence, there exists a number fe G N such that for 
each j > fc, f x ,n-(yo) G ^- Therefore, we have proved Lemma 15.41 □ 

Remark 5.5. In J2IJ Lemma 2.13] and |23[ Theorem 2.6], the sequence (rij) of positive integers 
should be strictly increasing. 

Lemma 5.6. Let T be a non-empty compact subset of Polyd eg >2- Let f : T N x C — > T N x C be 
the skew product associated with T. Let G be the polynomial semigroup generated by T. Let 7 G T N 
be a point. Let yo G Fj(f) and suppose that there exists a strictly increasing sequence {Tij}jeN 
of positive integers such that {fj,n}jeN converges to a non-constant map around yo- Moreover, 
suppose that G GQ. Then, there exists a number j G N such that / 7 .n(yo) G mt(K(G)). 

Proof. By Lemma |5.4[ there exists a bounded open set V in C, a point 7^ G T N , and a number 
j G N such that { 7oo } xdV C J(/)nP(/), and such that / 7i „. (y ) G V. Then, we have dV C P*(G). 
Since g(P*(G)) C P*(G) for each g. G G, the maximum principle implies that V C int(K(G)). 
Hence, / 7i „ (yo) G int(iC(G)). Therefore, we have proved Lemma \5M D 

We now demonstrate Theorcm l3.10l fT1 and Theorem 13.101 12] 
Proof of Theorem 13. lOtf TI and Theorem 13.101 121 First, we will show the following claim. 
Claim 1. Let 7 G i?(r,T \ r m ; n ). Then, for any point yo G F 1 {f) 1 there exists no non-constant 
limit function of {/ 7 . n }neN around yo- 

To show this claim, suppose that there exists a strictly increasing sequence {nj}jen of positive 
integers such that / 7i „ . tends to a non-constant map as j — > 00 around yo- We consider the following 
two cases: Case (1): r\T m i n is compact. Case (2): r\r min is not compact. Suppose that we have 
Case (1). By Lemma \5M there exists a number k G N such that / 7 , nfc (j/o) G int(K(G)). Hence, 
we get that the sequence {/cr»fe( 7 ),n fe+ .- nA .}jeN converges to a non-constant map around the point 
Vi : = ft,n k {yo) G int(K(G)). However, since we are assuming that r\r min is compact, [27j Theorem 
2.20.5(b)] implies that ^h£T\r min h(K(G)) is a compact subset of int(K(G)), which implies that 
if we take the hyperbolic metric for each connected component of mt(K(G)), then there exists a 
constant < c < 1 such that for each z G int(^"(G)) and each h G T \ r m j n , we have ||/i'(z)|| < c, 
where ||/i'(z)|| denotes the norm of the derivative of h at z measured from the hyperbolic metric on 
the connected component W\ of int(K(G)) containing z to that of the connected component W2 
of int(J^(G)) containing h(z). This causes a contradiction, since we have that 7 G i?(r,T \ r m j n ) 
and the sequence {f<r n kM,n k+ -n k }j£N converges to a non-constant map around the point y\ G 
int(if(G)). We now suppose that we have Case (2). Then, combining the arguments in Case (1) 
and [571 Theorem 2.20.5(b), Proposition 2.33], we again obtain a contradiction. Hence, we have 
shown Claim 1. 

Next, let S be a non-empty compact subset of T \ r m j n and let 7 G R(T,S). We show the 
following claim. 

Claim 2. For each point yo in each bounded component of F 1 (f), there exists a number n G N 
such that / 7 , n (yo) G mt(K(G)). 

To show this claim, suppose that there exists no n G N such that f 7 . n (yo) G int(i^(G)), and 
we will deduce a contradiction. By Claim 1, {/ 7 ,n}neN has only constant limit functions around 
yo- Moreover, if a point wq G C is a constant limit function of {/ 7 ,n}neN, then by [281 Lemma 
3.13] we must have wo G P*(G) C K(G). Since we are assuming that there exists no n G N such 
that / 7 ,„(y ) G int(if(G)), it follows that w G dK(G). Combining it with [UJ Theorem 2.20.2] 
we obtain wq G dK(G) C J m m- From this argument, we get that 

d(/ 7 ,n(j/o), Jmin) -> 0, as n -> oo. (1) 
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However, since 7 belongs to R(T,S), the above JIJ) implies that the sequence {/ 7 ,n(yo)}neN accu- 
mulates in the compact set Uhesh~ 1 (Jmin), which is apart from J m in> by [23 Theorem 2.20.5(b)]. 
This contradicts ([TJ. Hence, we have shown that Claim 2 holds. 

Next, we show the following claim. 
Claim 3. There exists exactly one bounded component U 1 of F 1 (f). 

To show this claim, we take an element h £ r m ; n (note that r m ; n 7^ 0, by Proposition I2.10[) . 
We write the element 7 as 7 = (71,72, ■ • ■)■ For any / £ N with I > 2, let si £ N be an integer 
with si > I such that 7,,, £ S. We may assume that for each I £ N, s; < S;+i. For each I £ N, let 
l l ■■= (-71,12,-. .,lai-i,h,h,h,...) er N andf := a 8 '' 1 ^) = ( 7s , , 7si+1 , . . .) £ T N . Moreover, let 
p := (h, h,h, . . .) £ r N . Since h £ r mm , we have 

J p {f) = J(h) C J min . (2) 

Moreover, since 7 S; does not belong to r m ; n , combining it with [27j Theorem 2.20.5(b)], we obtain 
7^ 1 (J(G)) n J m i n = 0. Hence, we have that for each I £ N, 

MD = %\J^h)Lf)) c j-\J(G)) c C\ J min . (3) 

Combining ([2]), ([3]), and [28j Lemma 3.9] we obtain 

J p (f)<J ¥ (f), (4) 



which implies 



j 7 ,(/) = (/ 7 ,^irVp(/)) < (A^-i)" 1 ^^/)) = Mf). (5) 



'7'VJ / ^J7, s !-J-/ \"P\J II ^ VJ7,s;-i/ v" 7 ' 

From [28j Lemma 3.9] and ([5]), it follows that there exists a bounded component [7 7 of F 1 (f) such 
that for each / e N with / > 2, 

Jy(/)cC/ r (6) 

We now suppose that there exists a bounded component V of F 1 (f) with F/(J 7 , and we will 
deduce a contradiction. Under the above assumption, we take a point y £ V. Then, by Claim 
2, we get that there exists a number / £ N such that f lt i(y) £ mt(K(G)). Since s; > I, we 
obtain / 7]S ,_i(y) S int(-ftT((jr)) C K(h), where, ft 6 r m i n is the element which we have taken 
before. By (Q|, we have that there exists a bounded component B of F^i(f) containing K(h). 
Hence, we have / 7>s ,_i(j/) £ B. Since the map / 7jS ,_i : U — ?> B is surjective, it follows that 
Vn((f^, sl -i)- l (J(h))) ¥> 0- Combined with (/ 7 , Si _i)^ 1 (J(/ 1 )) = (/ 7 i,„-i)- 1 (^('»)) = <W). we 
obtain V n J-yi(f) j^ 0. However, this causes a contradiction, since we have ([6]) and !7 7 ("1 V = 0. 
Hence, we have shown Claim 3. 

Next, we show the following claim. 
Claim 4. dU 7 = dA 7 {f) = J 7 (/). 

To show this claim, since U 1 = int(X 7 (/)), [28l Lemma 3.4.5] implies that dU 1 = J 7 (/). 
Moreover, by 28, Lemma 3.4.4] we have dA 1 (f) = J 7 (/). Thus, we have shown Claim 4. 

We now show the following claim. 
Claim 5. J 7 (/) = J-y(f) and the map w M> J u (f) is continuous at 7 with respect to the Hausdorff 
metric in the space of non-empty compact subsets of C. 

To show this claim, suppose that there exists a point z with z £ J 7 (/)\ J~/{f)- Since J 7 (/)\ Jj(f) 
is included in the union of bounded components of Fy(f), combining it with Claim 2, we get that 
there exists a number n £ N such that / 7i „(z) £ int(_ftT(G)) C F(G). However, since z £ J 7 (/), we 
must have that f ltn (z) = ^(/"(z)) £ Wfc(J(f)) = J(G). This is a contradiction. Hence, we obtain 

J 7 (/) = J 7 (/). Combining it with [28l Lemma 3.4.2], it follows that ui >-> Ju(f) is continuous at 
7. Therefore, we have shown Claim 5. 

Combining all Claims 1, . . . , 5, it follows that statements [TJ [2U I2bl and [2c] in Theorem 13.101 
hold. 
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We now show statement [2d] Let 7 G R(T,S) be an element. Suppose that m. 2 (J 7 (/)) > 0, 
where m 2 denotes the 2-dimcnsional Lebesgue measure. Then, there exists a Lebesgue density 
point b G J-y(f) so that 

;Mgynp 

s ^o m 2 (D(b,s)) y ' 

Since 7 belongs to R(T,S), there exists an element 700 G 5 and a sequence {nj}j 6 N of positive 
integers such that rij — > 00 and 7 nj — > 700 as j — ► 00, and such that for each j G N, j nj G 5 1 - We set 
bj := / 7 , rlj _i(&), for each j G N. We may assume that there exists a point a G C such that bj — > a 
as j -> 00. Since 7^(6j) = / 7 ,^(&) = 7r £ (/" J '(7,6)) G 7r e (J(/)) = J(G), we obtain a G 7 oc 1 (J(G)). 
Moreover, by [23 Theorem 2.20.5(b)], we obtain 

aG 7o oV(G))cC\J min . (8) 

Combining it with 27, Theorem 2.20.2], it follows that r := inf{|a -b\ b G P*(G)} > 0. Let e be 
arbitrary number with < e < j^. We may assume that for each j G N, we have bj G D(a, |). For 
eachj G N, let ^ be the well-defined inverse branch of (/ 7i „ _i) _1 on D(a,r) such that <Pj{bj) = b. 
Let Vj := ipj(D(bj,r — e)), for each j G N. We now show the following claim. 
Claim 6. diam Vj — > 0, as j — > 00. 

To show this claim, suppose that this is not true. Then, there exists a strictly increasing 
sequence {j/cjfcgN of positive integers and a positive constant k such that for each k G N, diam 
Vj h > k. From Koebe distortion theorem, it follows that there exists a positive constant cq such 
that for each k G N, Vj k D D(b, c ). This implies that for each k G N, f 1>Vh (D(b, c )) C D(bj h , r— e), 
where Ufe := n Jfc — 1. Since % — > 00 as fc — >• 00 and /V^If^g) ~~ ^ °° f° r an Y 7' £ -T N , it follows that 
for any n G N, / 7i „(Z3(6, Co)) C (CX-F^G)), which implies that b G F 1 (f). However, it contradicts 
b G J 7 (/)- Hence, Claim 6 holds. 

Combining Koebe distortion theorem and Claim 6, we see that there exist a constant K > 
and two sequences {'"jjjeN an d {i?j}j6N of positive numbers such that K < -^- < 1 and -D(&, rj) G 
Vj C -D(6, i2j) for each j G N, and such that Rj — > as j — > 00. From ([7]), it follows that 

hm "»K" F f)) = 0. (9) 

For each j G N, let f/'.j : D(0, 1) — > ipj(D(a, r)) be a biholomorphic map such that V'j(O) = &■ Then, 
there exists a constant < c\ < 1 such that for each j G N, 

tl>fiVj)cD(Q,ci). (10) 

Combining it with ([9]) and Koebe distortion theorem, it follows that 

to - l '.'? wll L,, (11) 

j->oc m 2 (V^ (V,-)) 

Since <pj (ipj(D(0, 1)) C D(a,r) for each j G N, combining (fT0|) and Cauchy's formula yields that 
there exists a constant c 2 > such that for any j G N, 

|(JWi°^)'MI<c 2 on^- 1 ^). (12) 

Combining (fTTj) and ()12|) . we obtain 

(£>(6,-,r-e)n^n,- 1(7) (/)) _ m 2 ((/ 7 ,„ 3 ._ 1 o^)(V'7 1 (VSn^(/)))) 



TO 2 



m 2 {D{bj,r - e)) m 2 {D(bj,r - e)) 

Uj\ Vi nF^f)) K/7,^-1 °^-)'(2)| 2 dm 2 (z) mslC 1 ^)) 



m 2 (C 1 ft)) ntap^.r-e)) 



0, 
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as j — ¥ oo. Hence, we obtain 

ma(%r-c)n^-. (7) (/)) 

lira — ; — — = 1. 

j-+aa rri2{D(bj,r — e)) 

Since J^j-i, s(f) C J(G) for each j G N, and 6j — >■ a as j -> oo, it follows that 

m 2 (%r-e)nJ(G)) 



m 2 (-D(a,r-e)) 



1. 



This implies that £>(a, r— e) C J(G). Since this is valid for any e, we must have that D(a, r) C J(G). 
It follows that the point a belongs to a connected component J of J(G) such that J n P*(G) ^ 0. 
However, [27l Theorem 2.20.2] implies that the component J is equal to J m i n , which causes a 
contradiction since we have ([HJ . Hence, we have shown statement [2d] in Theorem 13. 101 121 

Therefore, we have proved Theorem 13. lOtf ll and Theorem 13. 101 121 □ 

We now demonstrate Theorem 13. 10l l3l 
Proof of Theorem 13. 10t l3l First, we remark that the subset Ws tP of F N is a er-invariant compact 
set. Hence, / : Ws, P x C — > Ws, P x C is a polynomial skew product over a : Ws, P — > Ws, P - Suppose 
that J(/)nP(7) ^ and let (7,7/) G J(J)r\P(f) be a point. Then, since the point 7 = (71,72, . . .) 
belongs to Ws, P , there exists a number j G N such that jj G S. Combining it with [27j Theorem 
2.20. 5(b), Theorem 2.20.2] we have 7 ^ 1 (J(G)) C C \ K(G) cC\ P(G). Moreover, we have that 

^t(fi (l,v)) = ^tU^iliV)) e J*i-i{i){f) = lj l (^(t)(/)) c 7j 7l (^(G)). Hence, we obtain 

7r e (7;" 1 ( 7 ,y))GC\P(G). (13) 

However, since (7,2/) € P(/), we have that 7r^(/„ (7,2/)) € 7Tj,(P(/)) C P(G), which contradicts 



(fT3"l) . Hence, we must have that J(/) n P(/) = 0. Therefore, / : W^s.p X C ->• W SjP x C is a 
hyperbolic polynomial skew product over the shift map a : Ws yP — > Ws, P - 

Combining this with Theorem 13.1 Otf^al and j^5| Theorem 4.1] we conclude that there exists 
a constant Ks :P > 1 such that for each 7 G Ws, P , Jj(f) is a -ftfs.p-quasicircle. Moreover, by 
Theorem EHEMc! we have J 7 (/) = J 7 (/) = J 7 (/). 

Hence, we have shown Theorem l3. 101 151 D 

We now demonstrate Theorem 13. 121 

Proof of Theorem l3?T2l Let 7 G R(T, T \ T min ) and y G int(X 7 (/)). Combining Theorem Q 
[1] and [HI Lemma 1.10], we obtain limirrf„_>.oo d(f 7! n(y), J(G)) > 0. Combining this with [28| 
Lemma 3.13] and Theorem 13. lQtf Tl we see that there exists a point a G P*(G) (~l P(G) such that 
liminf„_ i . 00 (i(/ 7iT i(j/),a) = 0. Since P*(G) C\ F(G) G int(X(G)), it follows that there exists a 
positive integer I such that / 7 ,;(j/) G int(-ftT(G)). Combining this and the same method as that in 
the proof of Claim 3 in the proof of Theorem 13. lOtf ll and Theorem 13. 104 f2| we get that there exists 
exactly one bounded component U 1 of P 7 (/). Combining it with 28, Proposition 4.6], it follows 
that J 7 (/) is a Jordan curve. Moreover, by (STJ Theorem 2.14-(4)], we have J 7 (/) = J 7 (/). 

Thus, we have proved Theorem 13. 121 □ 

We now demonstrate Theorem 13. 131 
Proof of Theorem I3.13t Let V be an open set with J{G) D V ^ 0. We may assume that V is 
connected. Then, by [TUl Corollary 3.1] there exists an element a\ G G such that J(«i) fl V j^ 0. 
Since we have G G Sdis, |27[ Theorem 2.1] implies that there exists an element a 2 G G such that 
no connected component J of J(G) satisfies J{ot\) U J{a 2 ) C J. Hence, we have (ai,«2) G Gdis- 
Since J(oc\) fl V ^ 0, combined with (55J Lemma 3.4.2] we get that there exists an Iq G N such 
that for each I with I > Iq, J(ct2a\) n V ^ 0. Moreover, since no connected component J of J(G) 
satisfies J(a\) U J(«2) C J, (28j Lemma 3.4.2] implies that there exists an li G N such that for 
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each I with I > h, J(a 2 a[) fl J(aia l 2 ) — 0. We fix an I € N with I > max{Zo, h}- We now show the 
following claim. 

Claim 1. The semigroup Ho := {pCiOCy, aia l 2 ) is hyperbolic, and for the skew product / : Tq x C — > 
Tg x C associated with To = {a 2 a[, aia l 2 }, there exists a constant K > 1 such that for any 7 £ Iq, 
J 7 (/) is a -RT-quasicircle. 

To show this claim, applying Theorem l3.10l l3"lwith T = {ai,a%\, S = r\r min , andp = 21+1, we 
see that the polynomial skew product / : Ws,2i+i x C — > Ws.21+1 x C over a : Ws.21+1 —> Ws,2i+i 
is hyperbolic, and that there exists a constant K > 1 such that for each 7 S Ws,2i+i, J-y(f) is a 
-ftT-quasicircle. Moreover, combining the hyperbolicity of / above and Remark l5.31 we see that the 
semigroup Hi generated by the family {aj 1 o • ■ • o a, !+1 | 1 < 3k\ < I + 1 with jk x = 1, 1 < 3k 2 < 
/ + 1 with jk 2 — 2} is hyperbolic. Hence, the semigroup Ho, which is a subsemigroup of Hi, is 
hyperbolic. Therefore, Claim 1 holds. 

We now show the following claim. 
Claim 2. We have either J(a 2 ai) < J(aia 2 ), or J(aia l 2 ) < J(a 2 a[). 

To show this claim, since J(a 2 a[) tl J(aia l 2 ) = and H £ Q, combined with [351 Lemma 3.9], 
we obtain Claim 2. 

By Claim 2, we have the following two cases. 
Case 1. J{a 2 a l 1 ) < J{ona 2 ). 
Case 2. J(otia 2 ) < J(a 2 a\). 

We may assume that we have Case 1 (when we have Case 2, we can show all statements of 
our theorem, using the same method as below). Let A := K(aia l 2 )\ int(K (a 2 a[)) . By Claim 
1, we have that J(aia l 2 ) and J(a 2 a\) are quasicircles. Moreover, since H £ Qdi S and H is 
hyperbolic, we must have P*(Hq) C int(K (a2Ct[)) . Therefore, it follows that if we take a small 
open neighborhood U of A, then there exists a number n £ N such that, setting hi := (a 2 a[) n 
and h 2 := (aia 2 ) n , we have that 

iq 1 (U) U h^iU) C [7 and h^tU) n /i^ 1 ^) = 0- ( 14 ) 

Moreover, combining [28j Lemma 3.4.2] and that J(hi) fl V ^ 0, we get that there exists a k £ N 
such that J{h 2 h\) nV'^U. We set gi := /i^ 1 and g 2 := h 2 h\. Moreover, we set H := {gi,gi). 
Since H is a subsemigroup of Hq and Hq is hyperbolic, we have that H is hyperbolic. Moreover, 
flUJ implies that ^(C/) U g 2 l (U) C C/ and .gf 1 ^) n g^iU) = 0. Hence, we have shown that for 
the semigroup -ff = (51,32), statements I1J21 and|3]in Theorem 13. 131 hold. 

From statement |5J and 10, Corollary 3.2], we obtain J(F) C 17 and gf x ( J(iy))ng 2 _1 ( J(-ff)) = 0. 
Combining this with [20l Lemma 2.4] and [28J Lemma 3.5.2], it follows that the skew product 
/ : rj* x C -> rj x C associated with Fi = {gi, g 2 } satisfies that J(H) is equal to the disjoint union 
of the sets {J 7 (/)} 7er N. Moreover, since H is hyperbolic, [2ll Theorem 2.14-(2)] implies that for 

each 7 £ Ij , J 7 (/) = J 7 (/)- In particular, the map 7 i-> J 7 (/) from T^ into the space of non-empty 
compact sets in C, is injective. Since J 7 (/) is connected for each 76^ (Claim 1), it follows that 
for each connected component J of J(H), there exists an element 7 € T^ such that J = J 7 (/). 
Furthermore, by Claim 1, each connected component J of J(H) is a i^-quasicircle, where if is 
a constant not depending on J. Moreover, by [2TJ Theorem 2.14-(4)], the map 7 H> J 7 (/) from 
F^ into the space of non-empty compact sets in C, is continuous with respect to the Hausdorff 
metric. Therefore, we have shown that statements I4al4b|4cl and I4dl hold for H = (.91,32) and 
/T^xC^rfxC. 

We now show that statement l4el holds. Since we are assuming Case 1, Proposition 12.101 implies 
that {hi, h 2 } m in = {hi}- Hence J(gi) < </(<?2)- Combining it with Proposition 12. 101 and statement 
libl we obtain 

J(gi) = Jmin(tf) and J(g 2 ) = J max (^)- (15) 

Moreover, since J(gi) = J(a 2 a[), J(a 2 a[) nV^U, J{g 2 ) = J{h%h\), and J{h 2 h\) n V ^ 0, it 
follows that 

JmUH) n V jt and J max (H) n V + 0. (16) 
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Let 7 £ r N be an clement such that J 7 (/) fl ( Jmin(-ff) U Jmax(-ff)) = 0. By statement I4bl we obtain 

Jmm(tf) < Mf) < 4ax(ff). (17) 

Since we are assuming V is connected, combining (fT6|) and (fTTj) . we obtain J~ f (f)P\V ^ 0. Therefore, 
we have proved that statement l4"el holds. 

We now show that statement [4u holds. To show that, let u) = (wi,W2)---) £ T^ be an el- 
ement such that (t({j £ M | Wj = 51}) = |({j e N | Wj = 52}) = 00. For each r £ N, 

M I w r 7 = w 7 (1 — 3 — r )j 

let u r — (ui r x,u r 2, • • •) £ Ii be the element such that < Moreover, 

[w r j =gi (j >r + l). 

let p r = (p r i,p r 2, • ■ •) £ r^ be the element such that < rj J — — h Combining 

[pr,j =92 (j > r + 1). 

([T5j) . statement l4al and statement I4b| we see that for each r £ N, J(gi) < Jcr r (w)(f) < J (92)- 

Hence, by Theorem EMI we get that for each r £ N, (/a,,r)~V(9i)) < CL,r) -1 (J^(uj){f)) < 

(f a ,,r)- 1 (J(j92)). Since we have CL,r)-V(<?i)) = J^(/j, (/ u , r )" 1 (J^( w )(/)) = ■/„(/), and 

(/^"VCsto)) = Jpr(/), it follows that 

J U r{f) < J u (f) < JAf), ( 18 ) 

for each rcN. Moreover, since w r — >• u and ,o r — > lu in T^ as r — ► 00, statement I4dl implies that 
Jw r (f) — > Jw(f) and J P r (f) —> Jui(f) as r — > 00, with respect to the Hausdorff metric. Combined 
with (|18p. statement I4bl and statement HcJ we get that for any connected component W of F(H), 
we must have 9W n J u (f) = 0- Since -F(G) C F(H), it follows that for any connected component 
W of F(G), dW n J u (/) = 0. Therefore, we have shown that statement gf| holds. 

Thus, we have proved Theorem 13. 131 □ 

5.2 Proofs of results in 13.21 

In this section, we demonstrate Theorem 13. 171 We need the following notations and lemmas. 

Definition 5.7. Let h be a polynomial with deg(h) > 2. Suppose that J(h) is connected. Let ip 
be a biholomorphic map C \ 0(0, 1) — > F^h) with tjj{o6) = 00 such that ?/> _1 oho ip(z) — z des ^ h ', 
for each zeC\ F>(0, 1). (For the existence of the biholomorphic map ip, see [T3l Theorem 9.5].) 
For each 9 £ dD(0, 1), we set T{9) :— ip({r9 | 1 < r < 00}). This is called the external ray (for 
K(h)) with angle 9. 

Lemma 5.8. Let h be a polynomial with deg(/i) > 2. Suppose that J(h) is connected and locally 
connected and J(h) is not a Jordan curve. Moreover, suppose that there exists an attracting periodic 
point of h in K(h). Then, for any e > 0, there exist a point p £ J{h) and elements 9\, 62 £ 90(0, 1) 
with 9 1 ^62, such that all of the following hold. 

1. For each i — 1,2, the external ray T(6i) lands at the point p. 

2. Let V\ and V2 be the two connected components o/C \ {T{6\) U T{92) U {p}). Then, for each 
i = 1, 2, Vi n J(h) =/= 0. Moreover, there exists an i such that diam (Vi f~l K(h)) < e. 



Proof. Let ip : C \ D(Q, 1) — > Foo(h) be a biholomorphic map with ip(oo) = 00 such that for 
each z £ C \ dD(0, 1),?/> _1 oho ip(z) — 2 de sC0, Since Jih) is locally connected, the map ip : 
C \ 0(0, 1) — > Foo(h) extends continuously over 90(0, 1), mapping dD(0, 1) onto J(h). Moreover, 
since J(h) is not a Jordan curve, it follows that there exist a point po £ J{h) an d two points 
to, 1,^0,2 € 915(0,1) with £ ,i 7^ to,2 such that two external rays T(i ,i) and T(to,2) land at the 
same point po- Considering a higher iterate of h if necessary, we may assume that there exists 
an attracting fixed point of h in mt(K(h)). Let a £ mt(K(h)) be an attracting fixed point of h 
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and let U be the connected component of int(K(h)) containing a. Then, there exists a critical 
point c G U of h. Let Vb be the connected component of C \ (T(ti) U T(t 2 ) U {po}) containing 
a. Moreover, for each n G N, let V ra be the connected component of (/i") _1 (Vb) containing a. 
Since c G U, we get that for each n G N, c G V n . Hence, setting e„ := deg(h n : V n — > Vb), it 
follows that e„ -> oo as n — > oo. We fix an n G N satisfying e n > d, where d := deg(h). Since 
deg(/i™ : V n n Foo(/i) — ► Vo fl Foo(/i)) = deg(/i™ : V„ — > Vb), we have that the number of connected 
components of V n fl F^h) is equal to e„. Moreover, every connected component of V n fl F^h) is 
a connected component of (/i") _1 (Vb H-Foo (/&))• Hence, it follows that there exist mutually disjoint 
arcs £1, £2 j • • • j £e„ in C satisfying all of the following. 

1. For each j, h n (£j) = (T(ti) U T(t 2 ) U {p }) H C. 

2. For each j, £j U {00} is the closure of union of two external rays and £j U {00} is a Jordan 
curve. 

3. 9F n = £1 U • • • U &„ U {00}. 

For each j = l,...,e„, let W^ be the connected component of C \ (£j U {00}) that does not 
contain V n . Then, each Wj is a connected component of C \ V n . Hence, for each (i,j) with i ^ j, 
Wi fl Wj = 0. Since the number of critical values of h in C is less than or equal to d — 1, we have 
that (t({l < j < e„ I Wj n CV(/i) = 0}) > e n - (d - 1). Therefore, denoting by u^j the number of 
well-defined inverse branches of h^ 1 on Wj, we obtain YTj=i u i.j — ^( e « — (^~ 1)) ^ d. Inductively, 
denoting by uu,j the number of well-defined inverse branches of {h k )~ l on Wj, we obtain 

e n 

V w fej - > d(d - (d - 1)) > d, for each ft G N. (19) 

j=i 

For each ft G N, we take a well-defined inverse branch £fc of (h k )~ 1 on a domain W}, and let 
Bk '■= Ck(Wj). Then, h k : Bk — » Wj is biholomorphic. Since <9-B/c is the closure of finite union of 
external rays and h n+h maps each connected component of (dBk)P\C onto (T(ii)UT(i2)U{po})nC, 
Bk is a Jordan domain. Hence, h : Bk —> Wj induces a homeomorphism dBk — dWj. Therefore, 
dBk is the closure of union of two external rays, which implies that Bk fl F^h) is a connected 
component of {h )~ l (Wj fl F^h)). Hence, we obtain 

I U-^Bk n Fooih)) n dD(0, 1)) -> as ft -> 00, (20) 



where Z(-) denotes the arc length of a subarc of dD(0, 1). Since V> : C \ D(0, 1) — » Foo{h) extends 
continuously over <9D(0,1), (f2"U|) implies that diam {Bk n J(/i)) — > as ft — > 00. Hence, there 
exists a ft G N such that diam (.B/j fl K(h)) < e. Let #1, #2 G dD(0, 1) be two elements such that 
3i3fc = T(9\) U T(6 2 ). Then, there exists a point p G J(h) such that each T(#i) lands at the point 
p. By [13j Lemma 17.5], any of two connected components of C \ (T(6i) U T(8 2 ) U {p}) intersects 
J(h). 

Thus, we have proved Lemma 15.81 □ 



Lemma 5.9. Let G be a polynomial semigroup generated by a compact subset T o/Polydeg>2- Let 

f : r N x C — > r N x C be the skew product associated with the family T. Suppose G G Gdis- Let m G N 
and suppose that there exists an element {hi, . . . , h m ) G T m such that setting h = h m ° • • ■ ° hi, 
J{h) is connected and locally connected, and J(h) is not a Jordan curve. Moreover, suppose that 
there exists an attracting periodic point of h in K(h). Let a = {ai,a 2 , ■ ■ .) G T N be the element 
such that for each k, I G N U {0} with 1 < I < m, Cikm+l = hi- Let po G T \ r m ; n be an element 
and let (3 = (po, a.i, a 2l . . .) G T N . Moreover, let ip a : C \ D(0, 1) — > Ap(f) be a biholomorphic map 
with ij)p{oo) = cxd. Furthermore, for each 6 G dD(0, 1), let Tp(0) = ipp({r6 1 < r < cxd}). Then, 
for any e > 0, there exist a point p G Jp(f) and elements 61,62 G dD(0, 1) with 61 ^ 8 2 , such that 
both of the following statements 1 and 2 hold. 
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1. For each i = 1,2, Tp(9i) lands at p. 

2. LetVi andV2 be the two connected components o/C\ (Tjg^i) UTJg^) U{p}). Then, for each 
i = 1,2, Vi H Jfs(f) =/= 0. Moreover, there exists an i such that diam (Vi n Kp(f)) < e and 
such that Vi n J^(/) C p^^^G)) C C \ P(G). 



Proof. We use the notation and argument in the proof of Lemma 15.81 Taking a higher iterate of h, 
we may assume that d := deg(h) > deg(po). Then, from (IT9"1) . it follows that for each k £ N, we can 
take a well-defined inverse branch (& of (h k )^ 1 on a domain Wj such that setting B k := Cfc(Wj)i -Bfc 
does not contain any critical value of p . By (|2"0j) . there exists a fc G N such that diam {B k C\J{h)) < 
e', where e' > is a small number. Let 5bea connected component of p^ (-B&). Then, there exist 
a point p G Jp{f) and elements $i,#2 G dD(0, 1) with 0! 7^ 6> 2 such that for each i = 1,2, Tp($i) 
lands at p, and such that i? is a connected component of C \ (Tp(9i) U Tp(6^) U {p}). Taking e' so 
small, we obtain diam (i? n Kp(f)) — diam (_B n Jp(f)) < e- Moreover, since /o G T \ r min , by 
[371 Theorem 2.20.5(b), Theorem 2.20.2] we obtain J p (f) = p^(J(h)) C / 9^ 1 (J(G)) C C\P(G). 
Hence, B n Jp(f) C ^ 1 (J(G)) CC\ P(G). Therefore, we have proved Lemma EH D 

We now demonstrate Theorem 13. 17C T1 
Proof of Theorem EH7JCD Let 7 be as in Theorem EH7JU Then, by Theorem EH J 7 (/) 
is a Jordan curve. Moreover, setting h = h m ° • • • ° h\, since h is hyperbolic and J(ft.) is not a 
quasicircle, J(/i) is not a Jordan curve. Combining it with 28, Lemma 4.5] and Lemma 15.81 it 
follows that J-y(f) is not a quasicircle. Moreover, A 1 (f) is a John domain (cf. [53J Theorem 1.12]). 
Combining the above arguments with [141 Theorem 9.3], we conclude that the bounded component 
U 1 of Fry(f) is not a John domain. 

Thus, we have proved Theorem 13. 17I TT1 □ 

We now demonstrate Theorem 13. 17l l2l 
Proof of Theorem ECETJiD Let p ,/3,7 be as in Theorem EILZKl By Theorem E32 Jy(f) is 
a Jordan curve. By Theorem I2.9l l4l we have 7^ int(K(G)) C int(K(h)). Moreover, h is semi- 
hyperbolic. Hence, h has an attracting periodic point in K(h). Combining [28[ Lemma 4.5] and 
Lemma ESI we get that J-y(f) is not a quasicircle. Combining it with the argument in the proof of 
Theorem 13. 17fi "| it follows that A~ f (f) is a John domain, but the bounded component U 1 of F 1 (f) 
is not a John domain. 

Thus, we have proved Theorem 13. 17l l2l □ 

We now prove Theorem 13. 181 
Proof of Theorem HUll By [26, Theorem 3.17], we have h^ 1 (J(G)) D h^(J(G)) = 0. Combin- 
ing this with [28] Lemma 3.5.2, Lemma 3.6] and (2TJ Theorem 2.14(2)], we obtain that J(G) = 
H 7Gr nJ 7 (/) (disjoint union) and for each connected component J of J(G), there exists a unique 
7 eT N such that J= J 7 (/). 

In order to prove that we have exactly one of statements 1 and 2, suppose that J(h{) and J(h%) 
are Jordan curves. By Proposition I2.10[ we may assume that J m i n (G) = J(h\) and J m a^(G) = 
J(h 2 ). Then by [27J Theorem 2.20.5(b)], we have int(X(/ii)) = mt(K(G)). Thus P*(G) is included 
in a connected component of mt(K(G)). Combining it with [58, Proposition 2.25], we obtain that 
statement 1 in Theorem 13. 181 holds. 

We now suppose that J(hj) is not a Jordan curve. Then, as above, we have J m m(G) = J(hj) 
and Jmax(G) = J (hi), where i 7^ j. Then, combining Theorem 13. 10l l3l Theorem 13. ITtf TI and [28] 
Lemma 4.4], we obtain that exactly one of statements (a),(b),(c) in Theorem 13.181 2. Thus, we 
have proved Theorem 13. 181 □ 

5.3 Proofs of results in 13.31 

In this subsection, we will demonstrate results in Section 
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we now prove Corollary 13. 201 
Proof of Corollary 13.201 By Remark l3.7[ there exists a compact subset S of T \ r m i n such that 
the interior of S with respect to the space T is not empty. Let U := R(T,S). Then, it is easy 
to see that U is residual in T N , and that for each Borel probability measure r on Polyd C g>2 with 
r r = T, we have fiU) = 1. Moreover, by Theorem 13. lOtf TI and Theorem l3.10l l2l each 7 G U satisfies 
properties II 12131 and [4] in Corollary 13. 201 Hence, we have proved Corollary 13. 201 □ 

We now prove Corollary 13.211 
Proof of Corollary I3T2H Setting U := {7 G R(T,T \ r min ) | 3{n k } s.t. <7 nk {~/) -)• a}, it is 
easy to see that statement Q] holds. We now prove statement [2] From our assumption, there exist 
hi, ... , h m G r such that J(h m o • • • o hi) is not a quasicircle. Let a = (ai, 012, . . .) G F N be such 
that for each k, I G N U {0} with 1 < I < m, ak m +i = hi. Let po G F \ F m j n be an clement and let 
P = {po,on,a 2 ,...) G F N . Let V := {7 G i?(F,r\r min ) | 3{n k } s.t. a n "{j) -)• 0}. Then V satisfies 
the desired properties. □ 
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